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Introduction
The capital asset pricing model (CAPM) of Sharpe (1964) and Lintner (1965) , theoretically underpinned by mean-variance portfolio efficiency, postulates that the market beta (systematic second co-moment scaled by the market return variance) suffices to explain expected return. However, a number of studies show that the CAPM beta does not completely measure systematic risk and that the cross-section of stock returns is strongly associated with return momentum (Jegadeesh and Titman, 1993) , market capitalization (Banz, 1981) and book-to-market ratio of companies (Fama and French, 1992; thereafter, F-F) . F-F argue that these nonmarket risk factors are priced and propose a three-factor model that includes a size factor, SMB (the monthly return difference between the returns on the small and big size portfolios), and a value factor, HML (the monthly return difference between the returns on the high and low book-to-market-ratio portfolios) in addition to the market factor. Carhart (1997) further includes a momentum factor constructed by the monthly return difference between the returns on the high and low prior return portfolios, to capture the cross-sectional return patterns.
Motivated by the non-normality of asset return distributions, the higher systematic co-moment models suggest that, due to the simplifying assumption of return normality, the CAPM does not completely capture non-diversifiable risk beyond the second co-moment, and thus, results in its empirical failures 1 . Jean (1971) , Rubinstein (1973) and Scott and Horvath (1980) show that if returns are not normally distributed, moments of returns higher than variance matter in maximizing investors' expected utility. In addition, higher-order co-variations in returns between risky assets and the market portfolio should also be priced. Kraus and Litzenberger (1976) provide evidence for the pricing of the third systematic co-moment (coskewness) for stocks that were continuously listed on the NYSE from 1926 through 1935. Barone-Adesi (1985) and Lim (1989) , among others, also show evidence for the pricing of coskewness. Harvey and Siddique (2000) , Smith (2005) and Errunza and Sy (2005) find evidence that conditional coskewness helps explain the cross-section of stock returns. Fang and Lai (1997) further document evidence for the pricing of the fourth systematic co-moment (cokurtosis) for stocks that were continuously listed on the NYSE from 1969 through 1988.
Recently, Chung, Johnson and Schill (2006) show that Fama and French's (1993) SMB and HML factors succumb to (in term of t-statistics) the presence of systematic co-moments 3 through 10 in explaining the cross-section of returns of size and book-to-market sorted portfolios. This article assesses the empirical performance of these empirical factors versus higher systematic co-moments and also examines whether the momentum factor, the 'winner minus loser' (WML) hedge portfolio return, proxies for higher systematic co-moments. I find evidence that the momentum factor, apart from SMB and HML factors, also proxy for the measures of market risk not captured by the CAPM.
I first examine return characteristics of momentum, size and book-to-market portfolios and find evidence that the return distributions of these portfolios are significantly different from normal 2 . In addition, these portfolios exhibit significant market coskewness and cokurtosis. To investigate whether the empirical factors of momentum, size and book-to-market are priced in the data, I examine whether these factors explain the cross-section of returns and find evidence that these factors have 2 Chung, Johnson and Schill (2006) documents return non-normality for size and book-to-market portfolios.
significant explanatory power for returns of momentum, size and book-to-market sorted portfolios.
I next examine the four-moment CAPM (Fang and Lai, 1997 ) that restricts investors' preference to depend only on the first four moments of returns. The threemoment CAPM that incorporates coskewness well explains the cross-section of returns of size portfolios. The four-moment CAPM that further incorporates cokurtosis well explains the cross-section of momentum returns. In contrast, both the Fama and French (1973) and the Carhart (1997) models show significant intercepts in pricing these portfolio returns. On the other hand, although coskewness and cokurtosis are significant in explaining the cross-section of book-to-market portfolio returns, both the three and four-moment CAPMs have significant intercepts while both the Fama and French (1973) and the Carhart (1999) models do not.
I further compare pricing errors of the four-moment CAPM with those of Fama-
French three-factor model and Carhart's (1997) four-factor model that further includes a momentum factor in addition to the F-F's factors. I find evidence that both the three and four-moment CAPMs have lower absolute pricing errors than the Fama and French (1973) and the Carhart (1999) models in explaining the crosssection of returns of momentum and size portfolios.
I finally relax the restriction of preference to higher-order moments of returns and examine whether momentum, size and book-to-market factors are proxies for higher-order systematic co-moments in the spirit of Chung, Johnson and Schill (2006) . I combine higher-order systematic co-moments together with momentum, size and book-to-market in the cross-sectional tests to investigate the competitive roles of higher-order co-moments with these empirical factors. I find that the momentum factor reduces the significance of the FF's size and book-to-market for momentum returns to insignificant in explaining average returns of momentum returns. Furthermore, including co-moments 3 through 10 cause the momentum, size and book-to-market factors to become insignificant in the three portfolio sorts.
Finally, this study uses all stocks in the universe of the CRSP NYSE/AMEX and Nasdaq for the period between January 1926 and December 2005. Thus, this paper provides out-of-sample tests of higher-order co-moments and also avoids the survivorship bias contained in prior research that used companies continuously listed through sample periods.
I outline higher-order systematic co-moments models in the next Section. Section 3 presents data and portfolios. Section 4 describes empirical tests. Section 5 presents results. Section 6 concludes.
2. Higher-Order Co-Moment Models Rubinstein (1973) is the first to derive a theorem, which links expected returns to all moments of returns. Consider an investor who constructs a portfolio p by investing, respectively, i q and f q of his current wealth 0 W in risky asset i and the risk-free asset. The investor maximizes the expected utility of end-of-period wealth ) (W U by choosing investment holdings on assets, but subject to the budget constraint that all investments must sum to the investor's current wealth. Approximate the investor's expected utility by a Taylor series expansion around mean wealth W and ignore terms of order higher than n. Assuming that the investor's utility function is continuously differentiable and measurable and that the first n moments of terminal wealth exist and are finite, the investor's expected utility is: The expected return of an asset in excess of the risk-free rate R f is equal to the weighted sum of co-moments with the weights reflecting measures of the investor's risk aversion as:
where R i is the return on risky asset i. The n th co-moment of risky asset i is the contribution of a marginal increase in the holdings of the security to the corresponding central moments of the investor's future wealth,
At the aggregate market level, assuming homogeneous subjective probability beliefs and separable cubic utility, Rubinstein (1973) shows that the expected return of an asset is expressed as:
where λ 
where R f is the risk-free rate. η β, η γ and η δ are market prices of beta, gamma and delta. The beta, gamma (coskewness scaled by the market return skewness) and delta (cokurtosis scaled by the market return kurtosis) of risky asset i with the market portfolio measure systematic risks 3 :
where R Recently, Chung, Johnson and Schill (2006) extend the market relation to the case of n co-moments and the expected return of an asset is:
where n i b is the nth-order co-moment of asset i with the market portfolio, and λ n is the market measure of risk aversion for the nth-order co-moment. 
Data and Summary Statistics of Portfolio Returns
where r p and r M are the returns on the portfolio p and the market portfolio (the CRSP value-weighted portfolio of NYSE, AMEX and NASDAQ stocks) in excess of onemonth Treasury bill rate; and pt r , and Mt r are the average excess returns in the preceding 60 months for the portfolio and the market. show that the return distribution of momentum portfolios is significantly different from normal at 1% level. All of the 40 momentum portfolios exhibit significant beta and delta at the 5% level and 97.5% of momentum portfolios exhibit significant gamma at the 5% level.
Size portfolios have an average return of 1.39% per month, a standard deviation 
Empirical Tests

Testing Whether Models Explain Expected Returns
I conduct both cross-sectional regression test and also evaluate the absolute pricing error, which is the average of the model alphas, for the two-moment, three-moment and four-moment CAPMs, the Fama and French and the Carhart models.
The Fama-French and the Carhart models
I investigate whether the Carhart (1997) 
The parameter estimates and test statistics are obtained from the time series of monthly cross-sectional regression estimates as in Fama and MacBeth (1973) . The p-value for testing the significance of each coefficient is the p-value corresponding to the t-statistic that is calculated by the mean of the coefficient divided by its standard error.
The four-moment CAPM
Since portfolios exhibit non-normally distributed returns with significant beta, coskewness and cokurtosis, risk-averse investors may be concerned about extreme outcomes and that higher-order systematic co-moments may be priced. In this section, I test the prediction of the four-moment CAPM about the intercept and risk premiums of market beta, gamma and delta. Having estimated portfolio beta, gamma and delta, a cross-sectional regression of the four-moment CAPM as the following form is performed in each period t = τ across portfolios to estimate risk premia η η η η βt , η η η η γt and η η η η δt associated with β pt , γ pt and δ pt of portfolios:
The model predicts that the intercept in the regressions is insignificantly different from zero, and the coefficients on beta, gamma and delta are significant.
Testing Whether Factors Proxy for Systematic Co-Moments
I further test the hypothesis that the factors based on momentum, size and book-tomarket ratio proxy for the pricing of higher-order co-moments in the spirit of Chung, Johnson and Schill (2006) . I calculate systematic co-moment estimates (Com pt ) of order 2 through 10 using past 60 months of portfolio returns: 
where n denotes the order of co-moments and r m is the returns on the CRSP valueweighted portfolio.
In each month t in the sample period, I estimate a cross-sectional regression of size, value and momentum factors together with higher-order co-moments on portfolio returns as in the following form: Table 2 shows results for the Fama and French (1973) and the Carhart (1999) models. Panel A, for momentum portfolios, shows that in the FF model the value factor is significant and the size factor only shows moderate significance. The CAPM beta losses its significance in explaining the cross-section of momentum returns. For the Carhart model, the momentum factor shows significance while the significance of the value factor disappears. Both models have significant intercepts.
Results
Cross-sectional results for the Fama-French and Carhart models
For size portfolios, Panel B shows that the size factor is the most significant factor in both models. The momentum factor does not show significance in explaining the cross-section of size returns. Again, both models exhibit significant intercepts. As reported in Panel C for the book-to-market portfolios, the Fama and French model has an insignificant intercept and both the size and value factors are significant. The
Carhart model also has an insignificant intercept and the momentum factor is insignificant. Table 4 shows results for the absolute pricing error. For momentum portfolios, the three-moment CAPM achieves the lowest pricing error of 0.25% per month among all models while the Fama and French model has the highest pricing error of 1.35%
Cross-sectional results for the four-moment CAPM
Absolute pricing errors of models
per month. For size portfolios, again, the three-moment CAPM achieves the lowest pricing error of 0.18% per month and the Fama and French model has the highest pricing error of 0.9% per month. For book-to-market portfolios, the three-moment CAPM achieves the lowest pricing error of 0.32% per month. However, the fourmoment CAPM shows the highest pricing error of 1.47% per month. Table 5 shows estimation results for equation (12) for the Carhart factors and higher-order co-moments for each portfolio sorts. Panel A shows results for momentum portfolios. The momentum loading remains significant when both the beta and coskewness are added, but its t-statistic drops significantly as higher-order co-moments are added. Similar to the result in Panel A of Table 3 , the HML loading is insignificant in all cases. The SMB loading shows sporadically weak significance and becomes insignificant once co-moments greater than the sixth order are included.
Size, value and momentum factors with higher-order co-moments
Panel B presents results for size portfolios. Both the SMB and HML loadings remain significant, but become insignificant once co-moments greater than the sixth order are included. The momentum loading remains becomes insignificant once cokurtosis and higher-order co-moments are included. Panel C presents results for book-to-market portfolios. The SMB loading shows sporadically significance and becomes insignificant once co-moments greater than the seventh order are included.
The significance of HML loading reduces as cokurtosis is included and becomes insignificant once higher-order co-moments are included. The momentum loading remains insignificant in all cases. Overall, adding a set of co-moments of order 3 through 10 reduces the explanatory power of the size, book-to-market and the momentum factors to insignificance.
Robustness of the results
I perform empirical tests using a 120-month window in estimating factor loadings. I also use the Morgan Stanley Capital International (MSCI) index as a proxy for the market portfolio and obtain similar results from these checks and the conclusions of the paper are unchanged.
Conclusions
A number of studies show that the CAPM beta does not completely measure systematic risk and that the cross-section of stock returns is strongly associated with literature contends that the simplifying assumption of return normality of the CAPM ignores non-diversifiable risk beyond the second co-moment, and thus, results in its empirical failures. This article first assesses the empirical performance of the momentum, size and book-to-market factors versus higher systematic co-moments and finds that both the three and four-moment CAPMs have lower absolute pricing errors than the Fama and French (1973) and the Carhart (1997) models. The threemoment CAPM that incorporates coskewness well explains the cross-section of returns of size portfolios. The four-moment CAPM that further incorporates cokurtosis well explains the cross-section of momentum returns. This paper further shows evidence that the momentum factor proxies for higher systematic comoments that are not captured by the two-moment CAPM. Table 1 Summary Statistics of Portfolio Returns 
